Abstract.
Introduction
In recent years there has been considerable interest in the development of computable a posteriori error estimates in the finite element method (see [3, 4, 5, and 12] and references therein). The object of this work is to define and analyze a posteriori error estimators for nonconforming finite element approximations of the Stokes equations.
The use of nonconforming elements for the Stokes problem is motivated by the fact that standard low-order elements do not satisfy the inf-sup condition. In contrast, the nonconforming linear elements of Crouzeix and Raviart [8] and the quadratic elements of Fortin and Soulie [10] do satisfy that stability condition and therefore provide optimal order of convergence.
In the conforming case there are several ways to define error estimators by using the residual equation. In particular, for the Stokes problem, Verfürth [ 16] and Bank and Welfert [6, 7] introduced several error estimators and proved that they are equivalent to the energy norm of the error.
In the nonconforming case there is an estimator introduced by Verfürth [ 17] who proved the equivalence of it with the norm of the error but neglecting the consistency terms in the error equations. However, these terms are not in general of higher order, and therefore the estimators have to contain a term related to them, which are the jumps of the tangential derivatives of the approximate solution, as we show in this paper. Indeed, these terms are very important and cannot be neglected, as is shown by our Theorem 3.3. Otherwise, it would be possible to construct an estimator equivalent to the error which would depend only on the right-hand side f. This estimator would be of order h whenever f is regular, and therefore it cannot be equivalent to the norm of the error in problems with singular solutions.
In [9] we considered the simpler case of nonconforming approximations of a scalar second-order elliptic problem, and we introduced a technique which allowed us to define two error estimators which are equivalent to the error. In this paper we show that, with appropriate modifications, the ideas in [9] can be extended to the Stokes problem. We define two error estimators based on suitable evaluations of the residual and prove that they are equivalent to the energy norm of the error.
In §2 we introduce some notations and recall the Crouzeix-Raviart elements. In §3 we define the error estimators and prove their equivalence with the error. Section 4 deals with the extension to the quadratic elements of Fortin and Soulie and finally, in §5 we present some numerical computations in which one of our error estimators is used for adaptive refinement.
Preliminaries and notations
Given a simply connected polygon Si c R2, we consider the Stokes problem
where u stands for the velocity and p for the pressure. The weak formulation appropriate for mixed methods is then:
Find u e H¿(Q) and p e L^(Q) such that (where 7?r denotes the space of polynomials of degree not greater than r).
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The approximate solution (u* , pk) e V* x Qk of problem (2.1) is defined by (2.3) J2 { / Vu*: Vv-/Vdivvj = /"f-v.VveV*, J2 f qdivuk = 0,VqeQk.
Note that the second equation means that for every T € ETk , div(ufc|r) = 0. In the analysis of the error estimators we will also use the standard conforming space Mfc = {veH'(Q): v|re^i xâ°x,^T &3rk).
We end this section with some notation. For a vector function w = ( ^ ) we define the matrix curl w by 
Error estimators
In this section we introduce the error estimators and prove their equivalence with the error.
To define the estimators we need to introduce some jumps associated with the discrete solution (uk, pk) eYk x Qk . Given an interior edge /, we choose an arbitrary normal direction n/ and denote with Tm and ToM the two triangles sharing this edge, with n¡ pointing out of 7¡n as in Fig. 3 .1. 
I
Let e = u -u* and e = p -pk be the errors in velocity and pressure, respectively.
For a piecewise regular vector function v we define the discrete gradient as the L2-matrix defined by Vky\T = V(v|r). We will use the following error equation, which is obtained subtracting (2.3) from (2.2) for any v e H¿(Q) n V* : (3.1) [ Vke:Vv-[ sdivy = 0, Vv e H¿(Q) n V*.
Ja Ja For a function v e H'(Q) we take v' e M* as a suitable interpolation of v satisfying
where T is the union of all the elements sharing a vertex with T. We recall that if v e H¿(Q), then v' can be taken in H¿(Q) n Mk (see for example [14] for the construction of this kind of interpolation). Here and hereafter the letter C denotes a generic constant which depends only on the minimum angle of the triangulation.
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First we will show that the norm of the error, ll«Ho + l|V*e||o, is dominated by the estimator. This will be a consequence of two lemmas. The first shows that the error in pressure is dominated by the error in velocity plus the estimator, and the second bounds the velocity error by a constant times the estimator.
Lemma 3.1. The following estimate holds:
Hello < C{n + ||Vfce||0}. From standard a priori estimates we know that (3.9) ||r||i + ||i||o<q|V*e||o.
On the other hand, the first equation in (3.8) can be written as div(Vr -q\ -Vfce) = 0.
Therefore, there exists s e H'(Q), with integral zero, such that (3.5) holds, and the bound for ||s||i follows from (3.9) and (3.5).
Now we estimate the velocity error using the decomposition (3.5). Ja Ja Ja
Using the error equation (3.1) for v = r7 e H¿ n V* and the orthogonality relation (3.11) / Vfce: curls7 = 0, Ja which is known [1] and easy to verify, we obtain from (3.10) that l|V*e||0= / Vfce:V(r-r7)-/ ediv(r -r7) + f Vfce: curl (s -s7) Ja Ja Ja = í (Vfce -el) : V(r -r7) + / Vfce: curl (s -s7).
Ja Ja
Integrating by parts in each element, we obtain
(where t denotes the tangent to d T), and applying the Schwarz inequality, (3.2), (3.3) and (3.6), we obtain the lemma. D
As an immediate consequence of the two lemmas above we have the following In the next theorem we show that the estimator is essentially dominated by the error. Indeed, we extend to our case the technique introduced in [16] for conforming elements and prove that the estimator is bounded by a constant times the error plus a higher-order term which depends on local regularity of the right-hand side. = n2 + Therefore, using the Schwarz inequality, (3.14), the known estimate ||r -rj-||o, r l i <C|r|2|r|1)7-and \T\2\\f-fT\\0tT <r¡T, we obtain n2< (Hello + ||V*e||0)(|r|i + |s|,)
+ CEllf-frllo,r|r|5(|r|1,r + r/r) <Cl ■|e||o + l|Vke||o+ EHf-fHlo,rl^l I 2 >v, and the theorem is proved. D We now introduce an estimator which is equivalent to n and simpler to compute.
To do this, we show that the terms corresponding to J/ " can be eliminated. The estimator fj depends only on the right-hand side f and the approximate velocity u* , and not on pk . Therefore, it can be computed without knowing the approximate pressure. This fact is useful if one computes only u* by using a divergence-free basis of V* . We have introduced and analyzed the error estimators only for the lowestdegree nonconforming space for the sake of simplicity. In fact, the first estimator and the results concerning it can be extended straightforwardly to higherorder elements.
Let us consider the second-order elements of Fortin and Soulie [10] . As was shown in [10] , the situation is quite different than in the piecewise linear elements case, since the natural nodes (i.e., the six Gaussian nodes of the sides of T) cannot be taken as degrees of freedom. The reason is that there exists a quadratic polynomial that vanishes at these six nodes. If X¡ are the barycentric coordinates of T, this polynomial is pT(X) = 2-3(X\+X22 + X22).
Fortin and Soulie showed that the space of piecewise quadratic functions continuous at the two Gaussian nodes of each side coincides with the standard continuous piecewise quadratic elements enriched with an interior node in each triangle associated with pj. The computational cost for these elements is essentially the same as that for the standard quadratic elements since the internal degree of freedom can be condensed.
On the other hand, the inf-sup condition is satisfied when these elements are used for the velocity together with discontinuous piecewise linear pressures.
To extend the techniques of §3 to this case, we observe that the orthogonality relation Remark 4.1. The proof of Lemma 3.3 cannot be immediately extended to this case. Therefore there is not a straightforward generalization of the estimator r) to this case.
Numerical results
In this section we present the results of numerical computations with the Crouzeix-Raviart elements. We have used rjT as a local error indicator for adaptive refinement in problems involving singularities.
The adaptive procedure is as follows. First, we compute u° and p° corresponding to an initial triangulation J7"° . Then, the partition 7Tk+x is obtained from 77~k by refining those elements such that m > 0.7r/max, where »/max = max nT.
The refinement is propagated using the method introduced in [13] . In this way, the minimum angle of 7Tk is not less than half of the minimum angle of ¿7"°.
In our theoretical results we have assumed, for the sake of simplicity, homogeneous Dirichlet boundary conditions. However, the estimators can be defined with simple modifications for general boundary conditions, and the results are essentially the same. In this case we define J¡ n as before and J/ , = 2(Vg7 -Vu*) • t/ if / c dSi*, where g7 is the linear interpolation of the Dirichlet boundary datum g and Si* is a polygonal domain approximating Si. The only difference is the presence of higher-order terms in the equivalence between error and estimator depending on local regularity of the data (see [2, 9] for details in similar situations). Table 1 shows the error || V^e||o + ||e||o and the estimator for five steps of the refinement procedure for Example 1. The integer N stands for the number of unknowns. Table 2 shows similar results for Example 2. Table 1  Table 2 From these results, it follows that optimal order of convergence is obtained for these singular solutions, i.e., |e||o + l|V,fce||o = <*(#"
This is shown in Fig. 1 . This order of convergence is the same as that obtained for regular solutions with uniform refinement.
Ho + l|V*e||o Example 3. This last example is the standard square lid driven cavity. Table 3 shows the estimator for five steps of the refinement procedure.
The results in Table 3 show that n -cf(N~xl2), which, according to the theorems proved above guarantees the optimal order of convergence also for this problem. The meshes 77~k for k = 0, 1, 3, 5 obtained in this example are shown in Fig. 4 . For the case of piecewise linear elements of Crouzeix and Raviart we defined two estimators which are equivalent to the error. Both estimators are easy to compute. However, the second is simpler and depends only on the right-hand side and the approximate velocity; therefore, it can be used when one computes only the velocity by using a divergence-free basis.
Our numerical computations show good behavior of our first estimator when used as an error indicator for adaptive refinement.
Also, we showed how the first estimator can be generalized for the quadratic elements of Fortin and Soulie. As is easily seen, it can also be generalized for the method of Stenberg and Baroudi [15] in which one component of the velocity is approximated with nonconforming linear elements and the other with standard conforming linear elements. For the same triangulation, the total number of degrees of freedom for these elements is lower than for the Crouzeix and Raviart elements. These two elements have the additional advantage that they can also be used for the elasticity equations.
